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Abstract 
Cast-off spatter patterns exhibit linear trails of elliptical stains. These characteristic patterns occur by 

centrifugal forces that detach drops from a swinging object covered with blood or other liquid. This 

manuscript describes a method to reconstruct the motion, or swing, of the object. The method is based 

on stain inspection and Euclidean geometry. The reconstructed swing is represented as a three-

dimensional region of statistical likelihood. The reconstruction uncertainty corresponds to the volume of 

the reconstructed region, which is specific to the uncertainties of the case at hand. Simple numerical 

examples show that the reconstruction method is able to reconstruct multiple swings that are either 

intersecting or adjacent to each other. The robustness, spatial convergence, computing time of the 

reconstruction method is characterized. For the purpose of this study, about 20 cast-off experiments are 

produced, with motion of the swinging object documented using video and/or accelerometers. The 

swings follow circular or arbitrary paths, and are either human- or machine-made. The reconstruction 

results are compared with the experimentally documented swings.  Agreement between measured and 

reconstructed swings is very good, typically within less than 10 cm. The method used in this study is 

implemented as a numerical code written in an open source language, provided in an open access 

repository, for purposes of transparency and access. 

Introduction 

Cast-off spatters often occur during crimes involving beating events. In the context of bloodstain pattern 

analysis, a cast-off spatter pattern is defined as “a bloodstain pattern resulting from blood drops 

released from an object due to its motion” [1]. Cast-off spatters occur when non-gravitational inertial 

forces overcome the capillary forces retaining blood on an object experiencing linear or rotational 

acceleration. In the latter case, the inertial forces are called centrifugal forces. Cast-off patterns are 

characterized with linear or curvilinear stain distributions [2]. Cast-off patterns tend to be elongated, as 

compared to impact spatter that exhibit radial dispersions as shown in Figure 1(c) [3]. Other occurrences 

of cast-off spatters involve water or mud projection by vehicle wheels. The scope of this manuscript is 

focused on spatters relevant to bloodstain pattern analysis.  

The dynamics of cast-off formation have been well documented [2, 4-9]. Blood adhering by capillary 

forces on a swinging object detaches when centrifugal forces become large enough to balance capillary 

forces. The detaching drops leave the swinging object tangentially to its swing, with an initial velocity 

equal in magnitude and direction to that of the weapon at the instant of detachment. The trajectories of 

the drops are then controlled by gravitational and drag forces. They can be described with Newton’s 

second law of motion. While several studies have described the reconstruction of impact spatter 

patterns [10-15], where the area of origin of the blood is assumed to be static, there is currently no 

available method to reconstruct the trajectory of the swinging object that generates a cast-off spatter 

pattern. Current reconstruction methods for impact spatter patterns are called method of strings or 

tangent method, assume the blood drops travel in straight trajectories from the impacted blood source 

to the stain impact locations. The method presented in this manuscript is about reconstructing the 

swing of the object causing the spatter pattern, based on stain inspection and statistical methods.  

Studies on cast-off patterns have also produced reconstruction guidelines [2, 4, 16]. Recent advances in 

theory, measurement, and crime scene processing have shed light on various aspects of cast-off 

patterns [2, 16, 17]. Two studies, by Maloney [17] and Liscio [16], propose methods for the analysis and 

interpretation of cast-off patterns. Method [17] results in the determination of an “approximate plane 
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of motion”, a plane within which the bloody weapon has probably swung. This plane of motion is 

calculated using least squares and orthogonal regressions [17]. Method [16] presents and determines a 

“path volume envelope” (§10 [16]) that encloses the weapon swing. The path volume envelope is a box 

“defined as the space which contains all or part of the object path which created the cast-off stains” (§8 

in [16]). The method in [16] also defines an “exclusion zone” , that is a volume where the cast-off spatter 

pattern is not likely to have originated. Both methods result in a plane containing the reconstructed 

motion of the weapon swing, which is supposedly planar. The error associated with these methods can 

be estimated as the distance between the plane, or associated planar region, and the known cast-off 

swing motion. Human created cast-off patterns, commonly present on crime scenes, are not necessarily 

planar [2], and might involve multiple swings. 

To date, there are no methods to directly reconstruct the swing(s) of a weapon from inspection of cast-

off spatter patterns. In this manuscript, we develop a geometric and statistical reconstruction method. 

The geometric approach determines circular segments of the weapon swing from triplets of stains, 

which are then assembled statistically to reconstruct weapon swings featuring variable radii and 

multiplanar motion. The reconstructed swing is represented statistically with uncertainty regions [12], 

which are volumes of arbitrary shape that are likely to contain the swing of the weapon. Analog 

probabilistic approaches have been proposed for the reconstruction of impact spatter patterns by 

Camana [12] in 2D and then by Attinger et al. in 3D [18]. The methods involve the propagation of 

measurement uncertainties and the construction of a joint probability density function (PDF) [18]. The 

method in this manuscript is analog, in the sense that similar statistical methods are used, however the 

reconstruction results is the path of a bloody weapon rather than a stationary blood source.   

1. Experiments 

Figure 1 shows the three setups used to produce cast-off patterns to develop and test the 

reconstruction method. One set of cast-off spatter patterns was conducted with a sitting participant 

who swung a wet rod around his shoulder, and two sets of patterns were produced by circular and non-

circular motions of a wet rod. A total of about 20 spatter patterns was used to develop and test the 

reconstruction method.  

1.1. “Sitting” cast-off spatter patterns 

Four cast-off spatter patterns were created by the first author, who swung a wooden rod while seating, 

as shown in Figure 1. Fluid was ink solution (Royal Talens Amsterdam green and red acrylic ink) diluted 

with an equal volume of deionized water, and later swine blood. Swine blood trials were conducted at 

room temperature, 22 ± 1 ℃, with ethically-sourced blood containing approximately 1 % heparin to 

prevent coagulation. Swine blood was chosen to minimize biohazards, and is a substitute to human 

blood with similar physical properties [5, 19, 20]. The blood was drawn less than 24 hours prior to 

experimentation and stored under refrigeration and on a rocker. Hematocrit was measured within the 

range of 44-48 % prior to experimentation with a dedicated centrifuge device (STI, Hemata-Stat-II). The 

blood was warmed to room temperature while on a rocker before experimentation. The reconstruction 

method proposed in this manuscript is independent on the fluid properties which explain why the first 

trials, done early in the training of the first author, were not done with blood. The wooden rod was 

dipped in a 25 mL beaker containing a 15 mL ink solution or swine blood to produce cast-off spatter 
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patterns. The seated position was used to maintain a constant center of rotation, approximately around 

the shoulder.  

 
 

Figure 1: Cast-off spatter patterns such as (a) have been generated in three ways: (b) participant sitting and rotating his arm, 
with measured weapon swing indicated in dashed black arrow. (c) using a Castanova rig, where wooden arm rotates around 
fixed axis driven by bungee cord, with measured swing motion as dashed black arrow; and (d) human participant creating a 
cast-off pattern during downward swing. Reference markers on the floor help calibrate motion measurement, and position 
trackers are mounted on the participant and on the bloody rod. The inset shows overlaid experiment video frames with the 

captured motion (in white). Tip of rod for each video frame is highlighted as visual assistance.  

 

The experiments were conducted in an enclosed room with dimensions (X, Y, Z)=(248 cm, 159 cm, 243 

cm)[21]. The swinging motion was in a vertical plane. The swing radius was about 70 cm. Stains were 

spattered onto the front, back, ceiling, and ground surfaces, which were covered with butcher paper. 

Stains were individually imaged at approximately 200-250 DPI with a DSLR camera (Canon EOS 70D) with 

a plumb line and measurement 10 ± 0.2 mm reference marker with manufacturer uncertainty 

tolerancing (KISS System WMM50B Wound Mapping Marker). Stain locations were measured with a 

square ruler referencing the defined origin room corner. Stain images were analyzed using HemoSpat® 

to determine stain width, length, and impact angles [14], as illustrated in Figure 2. The uncertainty on 

the weapon swing was estimated as a radius of 5 cm. 
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Figure 2:  Impact angle 𝛼, directional angle γ,  and angle 𝛽 are determined from inspection of stain ellipticity and directionality. 

Symbols 𝛿𝛼 and 𝛿𝛾 are the uncertainty on the estimated direction of the respective impact velocity and of the main axis of the 

stain. Drop impact vector 𝑉⃗  is shown with its three components 𝑉𝑥 , 𝑉𝑦 , and 𝑉𝑧  [13]. Coordinates XYZ are global coordinates. 

 

1.2.  Cast-off spatter patterns from the “Castanova” rig 

Ten spatter patterns with the constant radius “Castanova” mechanical cast-off rig were performed as 

described in [22], with method summarized here. An amount of 5𝑚𝐿 of sheep blood  at 23 ± 1 ℃ was 

deposited to the end of a wooden arm affixed with a 3D printed sphere with diameter of 4 cm. 

Hematocrit for sheep blood ranges between 13 and 32 % [23]. The arm was able to rotate around a fixed 

axis, was drawn back with a bungee cord and released to produce the cast-off spatter. The swing motion 

was constrained in a vertical plane and spatter stains were produced mostly on the front wall. The 

experiments involved pattern generation, identification, bloodstain labeling and photographing, laser 

scanning (here FARO Focus S350 with ranging error of ±1 mm and angular accuracy of 19 𝑎𝑟𝑐𝑠𝑒𝑐𝑜𝑛𝑑𝑠), 
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with reference markers on the wall. Data analysis in a computer aided design (CAD) program (FARO 

Zone 3D) was used to align stain photographs with a three-dimensional representation of the room. 

Results were displayed  by importing all data into 3ds Max [22]. The cast-off rig produced five trials at 

0.5𝑚 and another five trials 1.0𝑚 from the target surface [22]. The velocity of the cast-off producing 

end of the member after the trials was approximately 10.5 ± 1.2 
m

s
 [22]. A detailed three-dimensional 

analysis of the experiments is available in [22]. The uncertainty on the weapon swing was estimated as a 

radius of 2.7 cm. 

1.3.  “Human”, non-circular cast-off spatter patterns 

Six cast-off patterns were generated by a human participant swinging a wooden rod in a non-circular 

trajectory representative of an actual fight (“Human cast-offs” #1-4, 6-7). The documentation and 

measurements process of the stains was same as with the Castanova rig. In the experiments, the blood 

was previously donated from volunteers, and spiked with anticoagulant. The blood was heated to room 

temperature (approximately 23 °C) prior to use. 

The motion of the weapon relative to the bloodstained surfaces was measured and documented as 

follows. Eighteen accelerometer and gyroscope systems were used (MTw Awinda from Xsens [24]). This 

motion capture system is a commercial motion capture system with six degrees of freedom (linear 

accelerations along (X, Y, Z) coordinates axes and rotational accelerations along three perpendicular 

(𝜙, 𝜃, 𝜓) orientations). The motion capture system determines the (X, Y, Z) coordinate locations from 

the linear and rotational accelerations. The measurement setup allows for eighteen body motion 

trackers placed at various areas on the body and one additional tracker fixed on the item being used as a 

“weapon”.  

The weapon used for this study was a wooden rod with a length of 34 cm and a diameter of 

approximately 4cm. A tracker was placed on the rod, fixed at a known position along the length of the 

rod at approximately 10 cm from the end held by the subject. To reconstruct the motion of the end of 

the rod, the tracker data is translated by the corresponding length and oriented. The motion capture 

system requires that the person being recorded is “calibrated” in the system by entering their body 

dimensions and then by moving through a routine of prescribed motions that accurately calibrate each 

tracker to their respective position on the subject.  

The motion recording began with the right foot of the participant aligned onto a reference marker on the 

ground. The participant then wet the rod by dipping into a small bowl of blood. Participants were directed 

to take a few steps towards the wall directly in front of them and then swing the rod with enough force 

to create a cast-off pattern. The motion started with the arm lowered, then raised up, then quickly 

downwards. Once the striking motion was complete, the subject was asked to step back and reposition 

their right foot on the marker. The recording was then ended. A total of six trials were recorded, all of 

which are used in this manuscript. 

In addition to the motion capture system, a Microsoft Kinect sensor was used to record motion point 

cloud data of the subject creating the cast-off pattern [25, 26]. This was used as a redundant external 

system of a color CGA video camera in RGB and an infrared projector with 640 × 480 pixel resolution at 

30 frames per second. The system allowed for the walls, floor, and motion of the subject to be captured 

in the global scale of the room. The motion capture system did not have any external references and 
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thus, having the participant place their right foot on a known marker at the beginning and end of each 

trial was used to accommodate for any drift or other possible inaccuracies in the motion capture system.  

Based on the above setup, it was possible to align all the data such that the motion of the rod was 

measured in relation to the rest of the room during the generation of the cast-off pattern. The 

uncertainty on the weapon swing was estimated as a radius of 5.4 cm. 

2. Theoretical reconstruction of cast-off patterns 

2.1. Geometric reconstruction of segments of the weapon swing: 

The proposed reconstruction method is based on the fact that drops leave the weapon tangentially to its 

trajectory and on the assumptions that (1) the trajectories of the drops are linear, along a line that 

contains the stain of interest, with slope estimated from stain inspection and (2) that the weapon 

follows a circular trajectory, at least over small displacements (piecewise circular swing).  

Under these two assumptions, each circular piece of the swing can be reconstructed as in Figure 3. To 

do so, we use a geometrical property of triangles adjacent to a circle, as in Proposition 4 of book IV of 

the Elements by Euclid. Euclid lived in the third century before the Common Era and is considered the 

founder of geometry. To the best of our knowledge, he did not produce any work on forensics, unlike his 

younger contemporary Archimedes who is credited with uncovering commercial fraud by applying the 

buoyancy laws [27] that he discovered. In the application of Euclidean geometry proposed here, the 

green circle describes the trajectory of the weapon, and the adjacent triangle (𝐴, 𝐵, 𝐶) is formed by 

intersections of the trajectories of three blood drops, reconstructed from stains M, L, N. In his 

proposition §127, Lachlan [28] shows that Euclid’s work implies that "The internal bisector of the angle 

𝐵𝐴𝐶, and the external bisectors of the angles 𝐴𝐵𝐶, 𝐴𝐶𝐵, are concurrent. Let the point in which they 

meet be denoted by 𝐼1. This point is the centre of a circle which can be drawn to touch the sides of the 

triangle, but it is on the side of 𝐵𝐶 remote to 𝐴. This circle is called an escribed circle […] 𝐿1, 𝑀1, 𝑁1 be 

the points of contact of the sides with this circle”.  

In the forensic reconstruction task at hand, the escribed circle proposition is valid for any set of three 

stains with trajectories of the associated drops are not parallel, such as the set labelled 𝑀, 𝐿, 𝑁 in Figure 

3. Using this proposition, triplets of three adjacent stains will typically determine an escribed circle along 

which the swinging weapon is most likely to have travelled. More precisely, the arc shown in magenta in 

Figure 3 connects the three points of contact of the stain trajectories with the escribed circle, and best 

approximates the likely reconstructed weapon swing. Then, the various arcs produced by various triplets 

of stains are combined in the probabilistic manner described below, so that circular and non-circular 

curves of swinging weapon can be reconstructed. 
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Figure 3: Escribed circle to ∠𝐵𝐴𝐶 for stain trajectories derived from stains 𝑀, 𝐿, 𝑁. The points of contact of the stain 

trajectories with this circle are 𝑀1, 𝐿1 , 𝑁1 containing the weapon swing arc. 

 

2.2. Probabilistic reconstruction of the weapon swing: 

The geometric reconstruction approach above produces multiple segments in the form of arcs. A 

probabilistic approach has been developed to achieve two tasks: adding a specific thickness to the 

reconstructed arcs based on the propagation of measurement uncertainties (the thickness being a 

representation of the uncertainty in determining the swing motion) and merging the arcs obtained from 

all the reconstructed triplets/triplets of stains into a volume that reconstructs most of the swing of the 

weapon.  Each reconstructed arc has the appearance, visually and culinary speaking, of a noodle. The 

centerline of the noodle describes the most likely arc associated with a triplet of stain, and the thickness 

of the noodle, the associated uncertainty. The volume merged from all the arcs may assume any shape 

based on the probabilistic union of multiple arcs with given thickness.  

Based on the principle of maximum likelihood estimation, the uncertainty of the reconstructed arc is 

expressed probabilistically, in a manner analogous to what Camana [12] and Attinger et al. [18] have 

done for impact spatter patterns (the simpler situation where the blood source is assumed to be 

immobile). In the present case, we assume that the uncertainty of any measurement relevant to the 

reconstruction process can be expressed as a probability density function (PDF), Eq. (1), where 𝜇 is the 

mean of the measurement, 𝜎𝑘  is the standard deviation, and 𝑥 is a continuous random variable, such as 

an angle or a distance: 

The space considered in the analysis is the room containing the blood spatter pattern. It is discretized 

with a Cartesian grid into uniform cubic regions. As shown in Figure 4, the relative position of any given 

𝜓𝑘(𝑥) =
1

𝜎𝑘√2𝜋
𝑒

−
1

2
(
𝑥−𝜇

𝜎𝑘
)
2

. Eq. (1) 
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spatial region is expressed with respect to the reconstructed arc using the radial distance ∆𝑗𝑛  between 

the center of a cube j and reconstructed cast-off arc n. In these symbols, index 𝑗 represents a given 

region in space, and index 𝑛 refers to the cast-off arc segment reconstructed from the n-th triplet of 

stains as per method in Figure 3. The radial distance is used as the continuous variable in Eq. (1)  to 

estimate the relative likelihood that any given discretized region contains the reconstructed cast-off 

segment.  

   

Figure 4: Geometry used for the reconstruction of a cast-off arc. The clustered mean plane is a best-fit plane to the triplet n of 

drop trajectories considered and contains the reconstructed arc (in red). The distance between a spatial region jn and the arc n 

is measured with (green) distance ∆𝑗𝑛. Colors available in online version. 

The probability that a given point in space is associated with a cast-off arc reconstructed from an 

arbitrary set of three stains can be quantified with the PDF 

As shown in Figure 5, this PDF is maximum for ∆𝑗𝑛= 0, which gives most weight to spatial regions 

coincident with the reconstructed arc. By definition of a normal distribution, the term 𝑆𝐹𝑗𝑛  , in cm, is a 

spreading parameter that controls the shape of the distribution.  Small spreading values correspond to 

very local distributions, while larger spreading values spread the distribution over larger distances. To 

𝜓𝑗𝑛 =
1

𝑆𝐹𝑗𝑛∙√2𝜋
𝑒

−
1

2
(

∆𝑗𝑛

𝑆𝐹𝑗𝑛
)

2

. 

 

Eq. (2) 
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define the spreading value, we postulate that it depends on three independents quantities, graphically 

represented in the inset of Figure 5. We define 

a function of the following variables: 𝛼, a measurement of the angular uncertainty associated with the 

triplet of stains associated with a reconstructed arc; 𝜑 , an angle measuring the alignment of the three 

impact velocities associated with the triplet of stains and the best-fit plane containing the reconstructed 

arc; and ∆𝑤𝑎𝑙𝑙, a measure of the distance between the triplet of the stains and the reconstructed arc.  It 

is expected that function f in Eq. (3) increases monotonically with the increase of each of the three 

variables 𝛼, 𝜑, ∆𝑤𝑎𝑙𝑙 . Indeed, a reconstructed arc will be known more accurately if there is little angular 

uncertainty in the related drop impact; if the directionalities of the stains align in the same plane; and if 

the reconstructed arc is close to the stained wall. A full definition of 𝑆𝐹𝑗𝑛  is provided in Supplementary 

Documentation, and eight numerical examples of the related PDF 𝜓𝑗𝑛  are plotted in Figure 5. In short, 

the spread 𝑆𝐹𝑗𝑛  is the product of the angular uncertainty of the stains in the triplet considered, and the 

average distance between the reconstructed arc and the stains. This way, the contributions of arcs 

reconstructed with higher accuracy are more significant (less spread-out) than those of arcs involving 

more uncertainty in their position. The PDF of Eq. (2) represents the likelihood that a region in space is 

associated with a reconstructed cast-off arc n. 

 
 Figure 5: Shapes and values of PDF distributions corresponding to various types of stain triplets. The spread 𝑆𝐹𝑗𝑛 and height of 

the PDF depends on angular uncertainty of stain measurement (here represented by 𝛼), alignment of the stains with the plane 

of the reconstructed arc (𝜑), and on the distance ∆𝑤𝑎𝑙𝑙  between the reconstructed arc and the stains. The most important PDFs 

for reconstruction are narrow and correspond to triplets of stains that are elliptical, well aligned with the plane of the 

reconstructed arc, and close to that arc. 

𝑆𝐹𝑗𝑛 = 𝑓(𝛼, 𝜑, ∆𝑤𝑎𝑙𝑙), 
Eq. (3) 
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The likelihood that a region in space is associated with a cast-off event is then obtained as the product 

of the PDFs associated with each triplets of stains, as per Eq. (4), with N triplets. 

𝜓𝑗 = ∏ 𝜓𝑗𝑛
𝑁
𝑛=1 . Eq. (4) 

 

Finally, the uncertainty 𝑈𝐿 of a reconstruction is simply measured as the volume in space where the 

value of 𝜓𝑗  is larger than an assumed likelihood value. For instance, 𝑈75% is the uncertainty of a cast-off 

reconstruction assuming a likelihood value L=75 %. Uncertainty 𝑈𝐿 has units of volume, for example liter 

(L). 

 

3. Numerical and software implementation of the theoretical cast-off reconstruction model 

3.1. Choice of software, scene processing and input data 

The reconstruction model presented above is implemented as a software script that runs with Octave 

[29]. Octave is a free, open-source language generally compatible with Matlab®, a commercial scientific 

computing environment widely used in academia. The choice of Octave was made to address the 

common problem that forensic practitioners and other engineers rarely have commercial licenses of 

Matlab®. The software script has been checked to also be compatible with Matlab®. To reconstruct a 

spatter pattern, the inputs in Table 1 are similar to those required for existing impact spatter patterns 

reconstruction software, such as Hemospat®.  

 

Table 1: Example of user data inputs for the cast-off reconstruction software, required inputs are bolded. Global origin defaults 

to (0,0,0) and room dimensions are extracted from XYZ-location coordinates.  

Inputs required are room dimensions, the area of investigation defined by four walls (floor, ceiling and 

two vertical walls); normal unit vectors, by convention oriented outside of the room of the walls 

considered; tangential vectors to the walls considered (coplanar vectors to each wall in the direction of 

gravity unless walls are orthogonal to gravity in which case tangential vectors are defined in the positive 

x-direction); a global origin (to define an XYZ-coordinate system as shown in Figure 2; stain locations 

(XYZ component positions of the stain in centimeters relative to the origin location); stain directional 

angle 𝛾, defined as the stain glancing angle between the projected trajectory vector onto the impacted 

surface and the tangent vector to the surface, and stain impact angle alpha 𝛼, the  stain impact angle 

between the trajectory vector and the impacted surface as shown in Table 1. Inputs mentioned above 

Project Stain 
Locatio
n x 

Location 
y 

Location 
z 

Surface 
M axis 
(mm) 

m axis 
(mm) 

alpha gamma 

castoff_2019_06.21 UF01 250 35.9 93.8 Back Wall 3.3 3.2 73.8 60.4 

castoff_2019_06.21 UF02 250 36.5 117.7 Back Wall 3.5 3.5 79.8 -16.6 

castoff_2019_06.21 UF03 250 34.9 129.8 Back Wall 3.2 3.1 77.5 21.4 

castoff_2019_06.21 UF04 250 42.5 170.6 Back Wall 4.2 3.7 62.4 11.8 

castoff_2019_06.21 UF05 250 46.4 194.9 Back Wall 4.2 3.1 48 -0.2 

castoff_2019_06.21 UU06 196 64.6 243 Ceiling 3.9 3.4 62.7 15 

castoff_2019_06.21 UU07 145.8 65.9 243 Ceiling 3.1 2.9 70.2 72.8 

castoff_2019_06.21 UU08 55.2 58.1 243 Ceiling 3.7 3.1 57.4 171.8 

castoff_2019_06.21 UU09 38.8 54.8 243 Ceiling 3.1 2.3 48.2 167.8 

castoff_2019_06.21 UU10 22.8 52 243 Ceiling 2.7 1.6 37.2 177 
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are entered by the investigator in the input file in order observed along the curvilinear cast-off patterns, 

in a comma-separated spreadsheet. A script, also called driver, formats and converts that spreadsheet 

units into data with format compatible with main software script. 

 
3.2. Description of the reconstruction software 

Determination of impact velocities: The yawing angle 𝛽 = arctan (
𝑡𝑎𝑛(𝛼)

𝑠𝑖𝑛(𝛾)
) in Figure 2 is calculated from 

the 𝛼 and 𝛾 impact angles [13]. Euclidean vector components are defined for each surface to describe 

stain impact angles in a global reference frame, surface definitions included in supplementary 

documentation.  

Geometric reconstruction of individual cast-off arcs: Using the geometric reconstruction method 

presented in section 2.1, three escribed circles are defined on the triangle formed by the three 

converging drop trajectories [30] of a triplet of stains. To provide a best guess for which of these three 

circles is relevant to the cast-off swing, we use the Pratt fit method. The Pratt fit method is a curve fit 

method that algebraically fits a circle to data points [31]. The Pratt fit method determines a fitted circle 

center to be used as an approximated escribed circle reference point [𝑥𝑟𝑒𝑓, 𝑧𝑟𝑒𝑓], and this information is 

used to select the appropriate escribed circle, and apply the Euclidean theorem in section 2.1 to 

reconstruct the cast-off swing. More details on the Pratt fit method are in the Supplementary 

Documentation.   

While Euclid’s escribed circles theorem (section 2.1) is defined in a single plane, the drop trajectories of 

any triplet of identified stains are not necessarily in the same plane (while being approximately in the 

same plane, which results in the linear aspect of the pattern characteristic of cast-offs). To apply Euclid’s 

theorem, we project the trajectories associated with the three stains of the triplet onto the best possible 

plane. This plane that we call the best-fit plane is the plane that minimizes the alteration of stain 

trajectories of the tree stains considered in each triplet.  The best-fit plane is defined by a normal unit 

vector 𝑛̃ that minimizes the projection alterations (it minimizes its dot product with the stain trajectory 

vectors). This minimization task is done with either the Nelder-Mead [32] or Levenberg-Marquardt 

algorithm, with the Y-axis as initial guess. Vector 𝑛̃ and the point closest to the three stain determine the 

best-fit plane. Stain locations and their respective drop trajectories vectors are then translated and 

rotated onto the XZ-plane to reduce the stain trajectory intersections to a two-dimensional problem.  

Typical reconstruction cases involved between N=5 to 100 triplets of stains. Given the narrow 

distributions of the PDFs in Eq. (2), and their N-time multiplication as per Eq. (4), there is a risk that the 

likelihood associated with a given region of space becomes zero during the reconstruction process, 

because of the finite numerical resolution of the computer performing the calculation. To avoid such 

artificial loss of data, the PDFs of individual triplets of stains are truncated to be at least as large as their 

3-𝜎 value, and the product of likelihood in Eq. (4) is rescaled as the computation proceeds. For 

reconstructing cast-off arcs, we could select every distinct combination of stain triplet (𝑁
3
) = 

𝑁!

3!(𝑁−3)!
 , 

less the triplets exhibiting at least two stains with parallel trajectories, for which there would no 

intersection of bisectors. Each triplet of non-parallel trajectories determines one triangle with 3 escribed 

circles. The escribed circle with center closest to [𝑥𝑟𝑒𝑓, 𝑧𝑟𝑒𝑓], identified with the Pratt-fit method, would 

provide an arc of the castoff, and its center, using the Euclidean geometric theorem above. However, we 
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found that the recorded swings were reconstructed in the most robust manner by selecting only the 

triplets of stains located close to each other, with approximately equal spacing along the stains. 

Selecting the triplets that way ensured that not only the circular swings, but swings of arbitrary 

trajectory shape would be reconstructed.  
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Results and Discussion 
In this section, reconstruction results are described. The reconstructed patterns involve from actual cast-

off experiments, and simulated cast-off patterns. The actual cast-off experiments include swings 

executed along circular and non-circular swings by human participants, and circular swings executed by 

the rotating arm of a Castanova device, already presented in [16].  

Reconstruction results are presented in terms of uncertainty regions, which are spatial regions most 

likely to contain some of the path of the weapon that generated the cast-off. The uncertainty regions 

are estimated based on the geometric and probabilistic methods expressed above. Three embedded 

uncertainty regions are typically shown, each corresponding to a specific likelihood value. The likelihood 

value mathematically corresponds to the measure of goodness of a statistical fit and can assume values 

between zero and one. Practically, likelihood values of 60 %, 75% and 90% are used in this work. Low 

likelihood values correspond to larger uncertainty volumes and higher chances of intersecting the 

weapon swing. High likelihood values correspond to smaller uncertainty volumes and lower chances of 

intersecting the weapon swing.  

For example, Figure 6 displays reconstruction results for a “Castanova” spatter pattern, where the 

motion of the blood-covered rod is circular. Several orthonormal views are presented of the uncertainty 

regions and measured weapon swing. Orthonormal views confirm that the reconstructed swing 

intersects with the measured swing, and measure the uncertainty of the reconstructed swing (which is 

represented by embedded regions of different likelihood). For instance, the green volume in Figure 6, 

𝑈75% , is the uncertainty on the reconstructed cast-off swing assuming a likelihood value of 75 %. A 

spatial resolution of 5cm is used for all the numerical results presented in this work, unless specified 

otherwise. 

 
Figure 6: Reconstruction of the weapon swing in “Castanova” spatter pattern #10, seen from different viewpoints.  The 

reconstructed swing is the red, green, or blue volume (respectively corresponding to likelihood of 90%, 75% or 60%), and 

intersects the measured cast-off swing (black arrow, with measurement uncertainty in yellow).  
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The results of one of the “Sitting” cast-off pattern, with experimental details described above, are 

presented in Figure 7. The measured swing of the ink-covered rod intersects the reconstructed swing. 

Figure 7 also illustrates the effect of the spatial reconstruction on the quality of the results. Results with 

a resolution of 25cm appear rough, while there is no obvious difference in results with 10cm or 5cm 

resolution. 

 
Figure 7: Reconstruction of the weapon swing in the “sitting” cast-off pattern.  Comparison of reconstructed swings (red, green, 

blue volumes respectively correspond to to likelihood of 90%, 75% or 60%. The measured cast-off swing is the black arrow, with 

its measurement uncertainty in yellow.  The same experimental cast-off data is reconstructed using three spatial resolutions: 25 

cm, 10 cm and 5 cm. 

 

Figure 8 displays the reconstruction results for non-circular “human” cast-off spatter (trial 7). Cast-off 

reconstruction results are superimposed with the corresponding captured cast-off motion depicted by a 

black line and uncertainty region in yellow, and video frames of the human subject producing the cast-

off. The measured weapon swing was clockwise and clearly intersects the reconstructed regions. 
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Figure 8: Cast-off reconstruction of trajectories for non-circular “Human” cast-off spatter pattern, trial 7. Comparison of 
reconstructed swing (red, green, blue volumes respectively correspond to reconstructions uncertainties of 
𝑈90% , 𝑈75%  𝑎𝑛𝑑 𝑈60% . The measured cast-off swing is the black arrow, with its measurement uncertainty in yellow. Simulation 
results, video motion pictures and accelerometer-based weapon swing measurements are superimposed, using the software 
CloudCompare. 

For all the numerical results above, specific likelihood values have been specifically selected to minimize 

both uncertainty and error in the reconstruction. While the volume of the reconstructed swings is the 

uncertainty on the reconstruction of the weapon motion (which is a one-dimensional curved line, with 

zero volume), the error in the reconstructed cast-off region can be measured as the closest distance 

between the estimated reconstructed cast-off region and the recorded cast-off motion. We assume that 

the latter, within its own measurement uncertainty, is the most accurate measurement of the swing.  

Figure 9 illustrates how the uncertainty and error vary with the selected likelihood value, showing 

average values and standard deviations for the reconstruction of six human cast-off spatter patterns, 

similar to and including that of Figure 8. The average volume of each uncertainty region is provided in 

Figure 9, as a function of the likelihood value. The volume of the uncertainty region corresponding to 

likelihood 𝐿 = 90% , noted 𝑈90%, is smaller than 20L (the volume of a small daypack) for every one of 

the trials studied. Among all trials, the average uncertainty volumes 𝑈75% and  𝑈60%  is respectively 104 

L and 296 L, respectively. The lower the likelihood value, the larger the volume of the uncertainty region, 

until it becomes comparable to the volume of the entire room volume (58430 L). As reported in Figure 9, 

the average error associated with region  𝑈90% is 6 cm, and the error is less than 17 cm for all the trials 

studied. The average error associated with 𝑈75% for all trials is less than 2 cm. No error is found for 

𝑈60% , which means that this uncertainty region embed at least a portion of the known cast-off motion 

for every trial considered. The choice of likelihood value therefore controls the trade-off between 

uncertainty and error. The lower the likelihood value, the lower the error, but the larger the uncertainty. 

The sweet spot of this trade-off is observed between L = 60% (where error is typically zero and 

uncertainty is reasonably small), and L = 90% (where uncertainty is minimal and error is about 10 cm). 

Thus, all the reconstruction results in this study are represented with three likelihood values of L=60%, 

75% and 90%.   
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Figure 9: Trade-off between uncertainty and error in the reconstruction of the six Human cast-off trials, as a function of the 
likelihood value. The uncertainty is the volume of the reconstructed region, while the error is the closest distance between the 

recorded motion of the bloody object and the reconstructed region. Standard deviations among the trials is indicated by 
vertical bars. Images of hippopotamus and daypack are volume references to the reader, as is the volume of the room. 

Figure 10 illustrates how the uncertainty in the reconstruction results increase with the uncertainty on 

stain measurement. Stain width and length can be measured within 0.1 mm uncertainty with state-of-

the-art cameras. However, historical cases or crime scene videos typically provide lower resolution 

images, and the uncertainty on the stain size can be as large as 1 mm. The reconstructed swings in 

Figure 10 exhibit larger volumes for larger uncertainty on the measurement of the stain. This trend is 

both reasonable and an illustration that the reconstruction results depend on the quality of the input 

pictures. The fact that Human cast-off #7 can be reconstructed assuming both values of stain 

measurement uncertainty is also a sign of the robustness of the reconstruction method.  Ultimately, a 

reconstruction method should propagate the uncertainties on the input data (here the stain 

measurements), as done for other types of bloodstain pattern analysis reconstruction [12, 33]. This is 

technically achieved here with the spread of the likelihood increasing with stain measurement 

uncertainty, as shown in Eq. (2). 
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Figure 10: Effect of the quality of the stain measurement on the reconstruction results of Human castoff spatter pattern #7. 

Stains with equivalent diameter of 3.3 mm have been measured from high-quality photographs, corresponding to an 

uncertainty on the width and length of the stain of 0.1 mm. On the right, the same spatter pattern reconstructed with 1 mm 

uncertainty in the width and length of the stain, as would be with lower resolution crime scene pictures. Reconstruction for 

stains measured with more uncertainty exhibit a larger uncertainty as seen with the larger volumes of the reconstructed 

regions. Error in both cases is zero: the reconstructed region intersects with the measured weapon swing. 

 

Every numerical method produces results that are sensitive to the spatial discretization, so it is 

important to perform the reconstruction with enough spatial discretization to make discretization errors 

negligible. Here, the space is discretized in cubes with side length r, oriented along the three main 

coordinates. In Figure 7, significant differences in the shape of the reconstructed regions are visible 

between the reconstructed regions with r = 25 cm or 10 cm; the former appearing rougher than the 

latter. We also measured that the larger the value of r, the larger the volumes of the uncertainty 

regions. For instance, r = 30 cm would give uncertainty volumes 21% larger than those for r=3 cm (the 

smallest resolution we have tested). Volumes of the uncertainty regions agreed within 10% for 

resolutions r ≤ 7 cm, and within 5 % for r ≤ 5 cm, with no observable significant difference in the shape 

between regions with r ≤ 7 cm. Results presented in this study have thus been obtained with a spatial 

resolution r=5cm, unless otherwise specified. Computing time varied linearly with the volume of the 

space investigated, and was proportional to 𝑟−5. Typical reconstruction simulation times on a recent 

laptop (Intel I7 2.4GHz processor) took 20 minutes with r = 5cm, and 25 seconds with r = 20 cm. The 

latter resolution is adequate for investigative work, suggesting that the method is suitable for real-time 

crime scene processing. 

To further assess the capabilities of the reconstruction method, arbitrary spatter patterns have been 

numerically generated using geometrical intersections between the tangents to prescribed circles and 

the walls of a room. The prescribed swings (in black) and the corresponding reconstruction are in Figure 
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11. It appears that the reconstruction method can help distinguishing multiple swings from each other, 

such as circular swings in parallel planes (a) or in intersecting planes (b); The method is also able to 

reconstruct cast-off patterns where the swing has various orientations with respect to the vertical plane 

(b). 

 
Figure 11: Ability of the algorithm to reconstruct spatter patterns produced by more than one cast-off swing event. 

Reconstruction of numerically generated stains prescribed by two circular swings that are either adjacent (a) and intersecting 

(b). 

 

Implications for crime scene reconstruction. 

This work provides a new tool to process crime scenes involving linear spatter patterns characteristic of 

cast-off events. The proposed tool can handle stains located on four perpendicular surfaces such as the 

walls of a room. The reconstruction results are provided with an uncertainty that is specific to the 

spatter pattern at hand. Best reconstruction results are produced using all the available stains, 

independently of size or ellipticity (see section 3.2). While round stains are usually avoided for area of 

origin determinations, since they imply large directional uncertainty [12], the proposed method 

automatically associates less weight to reconstructed arcs associated with round stains. According to the 

trade-off between uncertainty and error presented in Figure 9, likelihood values ranging from 60 ≤ 𝐿 <

90% are recommended for investigative work.  Spatial resolution of r =20 cm or less and pictures with 

less than 0.1 mm uncertainty on stain size are recommended for investigative work.  

While the current model can be applied to current and historical forensic cases, there is room for future 

work. First, the presented method assumes straight-line trajectories of the drops. While this assumption 

can cause significant errors in the reconstruction of impact spatter patterns (which can be generated by 

drops with wide range of sizes and initial velocities), it is not clear at present how much error in cast-off 

reconstruction occurs by assuming straight trajectories. Certainly, the generation mechanism of cast-off 

is different than impact spatter patterns and may produce different distributions of drops sizes and 
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velocities, that may be less subject to deviation by drag and gravity. This hypothesis is however a topic 

of further studies. What is currently known is that reconstruction uncertainties associated with drag and 

gravity strongly depend on the distance between wall and origin, increasing with a power of about five 

of that distance [18]. Thus, analysts should be wary of reconstruction results where the reconstructed 

swing or area of origin are not close to the wall, a finding supported by experiments in [14]. Further 

studies may also extend the software capabilities to handle stains on walls of arbitrary orientations. It is 

also the first time that the authors propose a new reconstruction method as an open-source software, 

with the hope that forensic researchers will use it and provide feedback and input for future 

development.  

Conclusions 

In this manuscript, a method to reconstruct the motion, or swing, of a weapon generating cast-off stains 

has been proposed, based on stain inspection and Euclidean geometry. Agreement between measured 

and reconstructed swings is characterized in terms of error and uncertainty, and found to be very good. 

The reconstruction method allows for consideration of stains on up to four surfaces (front, back, ceiling 

and ground) and more than five-hundred stains to be inputted. The reconstruction method is robust in 

the sense that it delivers meaningful results for a broad range of spatial resolution and for crime scenes 

documented with high- or low-quality pictures. Specifically, the uncertainty of the reconstructed results 

is specific to the quality of the pictures of the spatter stains: results will have less uncertainty if the 

stains are measured with more precision. The reconstruction software used in this study is implemented 

as a numerical code written in an open source language, provided in an open access repository. 

Opportunities for future work are presented.  

 

The software and installation instructions are available at 

https://github.com/scottres/CastoffReconstruction.git 
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Supplementary Documentation: 

A. Calculation of the spreading of the PDF. 

The probability that a given point in space is associated with a reconstructed cast-off arc first depends 

on the shape of the three stains used to determine the impact and directional angles. It is known that 

impact angles determined from round stains exhibit more uncertainty than angles obtained from very 

elliptical stains [12]. These angles are shown in Figure 2 as the impact angle 𝛼 of each stain, and the 

directional angle 𝛾 of each stain.  

Directional angle 𝛾 is defined as the angle between the main direction of the stain and a reference 

vector tangent to the stained surface, either the negative Z-direction or positive X-direction. 

Propagation of uncertainties on the measured shape of each stain associated with a given triplet n, 

provides an uncertainty 𝛿𝑛.  

 

The impact angle, 𝛼 = sin−1 (
𝑤𝑖𝑑𝑡ℎ

𝑙𝑒𝑛𝑔𝑡ℎ
), is estimated from the width and the length of an ellipse fitted on 

the stain, as in Figure 2. Uncertainties in the impact angles 𝛼 of individual stains k of triplet n are 

estimated by propagation of the uncertainty on the stain measurement [12, 34], 

𝛿𝛼𝑛𝑘 =
𝑠𝑖𝑛2𝛼𝑛𝑘

1−𝑠𝑖𝑛2𝛼𝑛𝑘
[(1 + 𝑠𝑖𝑛2𝛼𝑛𝑘)

𝜎2

𝑤𝑖𝑑𝑡ℎ𝑛𝑘
2], Eq. (5) 

 

where 𝜎 is the standard deviation of the width measurement. Uncertainties of round stains with 

ellipticities equal to one are maximum, while impact angles and ellipticities tending towards zero lead to 

minimal variance. 

The total uncertainty on alpha for a given triplet n of stains in degrees, 𝛿𝛼𝑛, is estimated as the root 

mean square of the uncertainty on alpha of the three individual stains  

𝛿𝛼𝑛 = √
∑ 𝛿𝛼𝑛𝑘

23
𝑘=1

3
. Eq. (6) 

 

The uncertainty on the directional angle 𝛾, 𝛿𝛾𝑛𝑘, is estimated as in Attinger [18]. In degrees, we have 

𝛿𝛾𝑛𝑘 = 0.42𝑒0.054𝛼𝑛𝑘 . Eq. (7) 

This uncertainty on 𝛾 is maximum for round stains, and minimum for elongated stains. 

The total uncertainty on 𝛾 for triplet n is determined using the classical root mean square (RMS) 

formula. 

𝛿𝛾𝑛 = √
∑ 𝛿𝛾𝑛𝑘

23
𝑘=1

3
 Eq. (8) 
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For a given triplet, the magnitude 𝛼̅ of the angular uncertainty due to the stain shape is expressed as the 

root mean square of the uncertainties on the determination of impact angle 𝛼𝑛and directional angle 𝛾𝑛 , 

as 

𝛼̅ = √
𝛿𝛼𝑛

2 + 𝛿𝛾𝑛
2

2
. 

Eq. (9) 
 

The second parameter in Eq. (3) is 𝜑 , an angle measuring the alignment of the three impact velocities 

associated with the triplet of stains and the best-fit plane containing the reconstructed arc. Angle 𝜑 is 

estimated as the root mean square of the angle between the three impact velocities and the best-fit 

plane.  

The third parameter in Eq. (3) is ∆𝑤𝑎𝑙𝑙, the root mean square of the distances between the three stains 

and the reconstructed arc.  

Finally, we use the trigonometric definition of the tangent to construct the function fulfilling the relation 

postulated by Eq. (3), as  

𝑆𝐹𝑗𝑛 = ∆𝑤𝑎𝑙𝑙√tan2 (𝛼̅)+ tan2(𝜑) ∙ 

 

 

B. Cast-off Reconstruction Program Inputs 

This section describes the inputs used in the numerical simulations, with their magnitude and definition.  

Table 2: User defined variable inputs with operating range and default magnitudes. 

Input (with name in 
the code) 

Magnitude 
Range 

Default 
Magnitude 

Physical Definition 

Resolution, 
res 

[1 − 15] cm 5 cm 

Resolution of Heat Map (Length of Regions in 
Space Cube Dimensions). Finer resolutions 
are preferred but may exceed ‘Maximum 

Possible array’ or memory capabilities.  

Likelihood Values, 
percentiles 

[0 − 100] % [90, 75, 60] % 

Likelihood value used to estimate the volume 
and uncertainty of the reconstructed weapon 
swing. Likelihood values 𝐿 ≥ 60% are used to 
minimize the uncertainty in the reconstructed 

cast-off motion. 

Standard Deviation, 
stdev 

[0.001 − 1] mm 0.1 mm 

Approximated standard deviation in the 
measurement of the stain width. Depends on 

the quality of the casework images and on 
the measurement method. 

 

C. Defining Euclidean Vector Components of Impact Velocity: 
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Consider as in Figure 2 a vector 𝑛 normal to the surface directed out of the room and tangential vector 𝑡 

is the gravity vector within the surface plane defined for each surface. The tangential vector is redefined 

in the positive x-direction for horizontal surfaces since the tangential vector is normal to the surface. 

The normal vectors for the back, upward, front, and downward surfaces are then as follows, 𝑛1 =

[1,0,0], 𝑛2 = [0,0,1], 𝑛3 = [−1,0,0], and 𝑛4 = [0,0, −1] and tangential vectors 𝑡1 = [0,0, −1], 𝑡2 =

[0,0, −1], 𝑡3 = [0,0, −1], and 𝑡4 = [0,0, −1]. The orthogonal vector to 𝑛 and 𝑡 is the cross product of 

the two vectors, 𝑛 × 𝑡, which gives us (𝑛 × 𝑡)1 = [0,0, −1], (𝑛 × 𝑡)2 = [1,0,0], (𝑛 × 𝑡)3 = [0,0, −1], 

and (𝑛 × 𝑡)4 = [1,0,0]. 

The normal, tangential, and orthogonal vectors relate each surface stain impact angle to determine the 

Euclidean components of the stain trajectory vectors. The following equations, derived from [35], relate 

measured impact angles to normalized stain trajectory vectors. 

 

𝑣𝑛𝑖
= 𝑛𝑖 ⋅ sin 𝛼 ; 𝑣𝑛×𝑡𝑖

= (𝑛 × 𝑡)𝑖 ⋅
1

𝑡𝑎𝑛𝛽
 Eq. (10) 

𝑣𝑡𝑖
= 𝑡𝑖 ⋅

1

𝑡𝑎𝑛𝛾
 Eq. (11) 

𝑣𝑖 = [𝑣𝑛𝑖
+ 𝑣𝑛×𝑡𝑖

+ 𝑣𝑡𝑖
] = [𝑣𝑥 , 𝑣𝑦, 𝑣𝑧] Eq. (12) 
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D. Application of the Pratt fit method 

The Pratt fit method is used to identify which one of three escribed circles associated with any given 

triplet of stains as in Figure 3 is relevant to the reconstruction of a cast-off arc. All combinations and 

permutations of drop trajectories are considered to ensure all possible trajectory intersections are fitted 

using the Pratt fit method. These combinations and permutations of stain trajectory endpoints are 

obtained and compiled, (𝑛
𝑟
) =  

𝑛!

𝑟!(𝑛−𝑟)!
 where 𝑛 is the number of unique stain trajectory elements of size 

𝑟, such that each pair of nonparallel trajectories has one intersection point. The Pratt fit method is a 

simple algebraic relation between a circle’s radius and algebraic circle parameter 𝐴 with constraints 𝐴 ≠

0 and 𝐵2 + 𝐶2 − 4𝐴𝐷 > 0. This relation, Eq. (13) can be rewritten as Eq. (14) and numerically solved 

[31]. The Pratt fit method produces a circle center location (𝑥𝑖, 𝑦𝑖) and radius 𝑅 that minimizes 

ℱ(𝐴, 𝐵, 𝐶, 𝐷) = ∑ [
1

4𝑅2

[𝐴𝑧𝑖+𝐵𝑥𝑖+𝐶𝑦𝑖+𝐷]2

𝐵2+𝐶2−4𝐴𝐷
] where 𝑧𝑖 = 𝑥𝑖

2 + 𝑦𝑖
2 [31]. 

 

  

𝐴(𝑥2 + 𝑦2) + 𝐵𝑥 + 𝐶𝑦 + 𝐷 = 0 Eq. (13) 

(𝑥 −
𝐵

2𝐴
)
2

+ (𝑦 −
𝐶

2𝐴
)
2

−
𝐵2 + 𝐶2 − 4𝐴𝐷

4𝐴2
= 0 Eq. (14) 
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